ABSTRACT
INTRODUCTION
onsider a firm marketing a product in a fast expanding industry in the introduction or the early growth stage of a product life cycle. The firm's objective is reaching a certain level of sales, within a prespecified planning window, in an efficient and regular manner. In general, a firm facing its sales growth dynamics would apply its whole optimal marketing mix. However, in this paper, as is often common in marketing, in modeling sales response to advertising, we treat advertising as the firm's sole decision variable, assuming the role of the rest of the decision variables implicitly. We follow Buratto and Viscolani (1994) in adopting and extending the framework of the Student Work Control problem (SWC) (Raggett, Hempson and Jukes, 1981) for discreetly modeling this marketing context. In particular, we rely on a straightforward extension of the SWC by Klamkin (1985) in flexibly modeling advertising efficiency. For recent continuous extensions of the SWC, see Vornicescu (2009) 
Buratto and Viscolani assumed the marketing context of launching a new product where advertising is building goodwill. In contrast, we deal with a product in the introduction or early growth stage, where advertising builds sales, and thus consider different planning implications. Hence, unlike the focus of Buratto and Viscolani on relaxing the assumption of a fixed planning window, our emphasis is on modification and extension of the SWC for the case where the control is restricted not only by the problem's dynamics, but also by regularity conditions on either sales or advertising paths, brought about by abiding by alternative advertising budgeting principles.
In general, for coherent planning, firms are interested in resource employment and sales paths that possess some degree of regularity. The efficiency of reaching any target sales using any advertising control depends on the budgeting principle of the control. The classical list of advertising budgeting principles has been a short one. It typically includes: 1) the Objective and Task principle, a universally tautologically effective and efficient optimal method that is objective-specific, 2) the straight forward and regular, but not necessarily, optimal principles of the Percentage of Sales methods and the Competitive Parity method, and 3) the Affordable Budget method. The comparative parity method tends to be regular because industry practices tend to evolve gradually, but it is not associated with a particular formal regularity condition on the advertising budget that is internal to the firm. The affordable method satisfies feasibility, but not regularity or optimality of the path. With the exception of the percentage of sales methods, the other "textbook" advertising budgeting principles are not inherently based on any internal firm's regularity.
In this paper, we also consider new additional reference principles that embody benchmark regularity in advertising and sales. These regularity conditions require either constant or proportional increments from one period to the next, in either the advertising budget or sales. They are equivalent to requiring a linear temporal path, or alternatively, a geometrically progressing one. Those assumptions are made on either the advertising budget path or on the sales path, but not on both, to avoid contradiction.
Our interest in the effects of regularity conditions is motivated, in part, by recognition that regularity conditions, coupled with the dynamics of advertising-sales relationship, often uniquely determine the optimal advertising control and its related sales path. An insightful result of our study is that requiring a constant rate of growth on the advertising path uniquely (and easily) determines the optimal control of the SWC problem. It is thus identical to the Objective and Task budgeting principle.
The main objective of the paper is to compare the consequences that alternative regularity conditions on the sales path have on the advertising path and vice versa. Applying this inquiry to the characteristic marketing context of this paper, as described by the SWC, would contribute to a sharper advertising budget planning. We are not aware of any study that assumes this line of inquiry, though our study supplements a thorough research stream investigating the role and effect of promotion budgeting by Wagner, Fischer, Albers and Frie in Wagner (2011) .
Quite often a not-too-overly-complex-or-irregular budgeting principle would be agreed upon. In particular, the finance and accounting parties in the negotiation, for whom regularity in budgeting is a common requirement, are likely to push for budgets with easily decomposable components. Adjustments in accounting and finance are typically comprised of components and procedures which are linear or reflecting constant rates of growth or depreciation. We thus modeled our additional reference budgeting principles accordingly. Finding out whether or how regularity requirements on an advertising path affect the regularity of the sales path or vice versa is clearly of considerable interest.
Following these observations, we took two steps to provide insightful comparison of budgeting principles. First, to facilitate a clearer efficiency comparison, we assume that the sales target is reached by all methods. This requirement was sufficient for the unique determination of an optimal advertising path and a corresponding unique optimal sales path for every budgeting principle compared. In the second step, for every budgeting principle, we derived, where practical, analytical expressions of these optimal solutions. Obtaining explicit path solutions enabled meaningful analytical inquiry of solution properties and eased comparisons and simulations. For instance, we prove that the optimal advertising and sales paths of the Objective and Task principle are strongly convex. However, counter intuitively, perhaps, the sales path need not be monotonic. While the firm is continually increasing its advertising, it may let sales fall for a while before it begins to rise exponentially. In contrast, the optimal advertising and sales paths, based on the Percentage of Sales principles, result in concave sales path pattern that is, as expected, considerably more expensive than that obtained by the Objective and Task method.
The results of this study also supplement the arguments which explain why advertising elasticity is not constant. Previous studies put the focus on the temporal variation of consumer awareness and involvement. Our study complements by implying the joint role of the communicative effect of decaying habitual purchases, consumer experimentation of new products, and the optimality principle of not allocating large advertising outlays when the target is too distant and the profit margin is accelerating rapidly.
PROMOTION-ORIENTED ADAPTATION OF THE SWC
We model a firm marketing its product in the introduction stage or in the early part of the growth stage of the product's life cycle. As sales expand, the product may move from losses to profits and subsequently its profit and profit margin are highly accelerating. Our base model is essentially a reinterpretation and further analysis of one of several SWC's extensions, proposed in the seminal paper of Raggett, Hempson and Jukes (1981) .
We model Sales dynamics discretely. The index k, k= 1,…M, denotes the period (day, month, quarter), where M is the length of the planning period. We denote the sales level at period k as k S and 0 S is the initial sales level. We assume one control variable, a planned advertisement spending in constant dollars, for period k, denoted as k U . The model dynamics is given as:
i.e., the sales level in any current period is a function of sales level in the preceding period and the advertising budget for the current period. On the parameters values, we assume:
The assumption of sales decay does not negate fast growth and sales momentum. However, it limits and thus clarifies SWC's range of application. It implies that the overall purchase of the current customer population (rather than that of the individual) must decline from one period to the next when the product price is constant. This is likely to be the case when the product is not frequently consumed. This is common in a wide array of marketing contexts, for example, when the product is a durable good, a shopping good, a special experience, or a special service. Consider, for example, the purchase of new sport exercise equipment, new consumer electronic devices, new airline routes, new types of vacations, new types of financial services, etc. In contrast, if the product is frequently purchased, the learning customer unit may increase rather than decrease its average consumption as its use and satisfaction increase. In this case, our SWC's version does not provide a valid representation of the marketing context.
When the SWC applies, much of the sales momentum may come from the purchase by new customers through product diffusion and adoption that may be directly and indirectly positively affected by the purchases by old consumers via various communication modes. Hence, the expression, k aS , would not usually represent the purchase by the old customers in the current period but rather a current purchase that is related to the size of the quantity purchased by the old customers in the preceding period. It includes current purchases of new customers and repeated purchases of old customers. Notice that over time, though, the future purchase of the population's old customers could be higher than their initial purchase through a multiplier effect. Our SWC model applies as long as the current sales induced by past purchases would be smaller than past sales. There are common circumstances where the effect of past purchases alone is so large that sales may accelerate without any advertising. In these cases, our model is not valid.
The lack of universal application of the SWC model is a strength rather than a weakness. It qualifies the effect of advertising and provides a balanced view of promotion. Much of the growth in the next period may be a result of the effect of past purchases rather than due to current advertising. Furthermore, we do not assume that advertising is responsible for the initial sales level. Many small enterprises cannot originally afford advertising expense and their sales are initially built up by other promotional means. However, they often may turn to advertising once some minimal sales level is reached in order to accelerate sales. Advertising is thus needed to support sales expansion, though it may or may not be the main force behind this expansion. As a result of the functioning of the advertising, it may be the increasing extent of customers' experiences with the product that keeps propelling the product's sales higher.
The specific functional form of the dynamics has some attractive parsimonious conceptual and measurement properties. The rate of decay, a, in the effect of current sales on next period's sales is fixed. Thus, Sales are conceptually conceived as the "depreciating capital" of the firm reflecting modern marketing focus on customers' equity and retention. The amount of the efficiency units of the advertising budget is  U . The parameter, b, provides a direct measure of the effect of an efficiency unit of the advertising budget (i.e., a unit of  U ) on sales. The parameter  , as a fraction, represents the diminishing return of advertising effect on current sales. Specifically, we assume that the net current sales increment, not explained by past sales purchases, is a constant elasticity function of current advertising budget outlay. This implies that advertising elasticity varies over time with regularity as the product life cycle evolves and advertising expenditures change-a widely empirically supported phenomena (see Sethuraman, Tellis, and Briesch, 2011 The key feature of our model adaptation is the assumption of sales as a state variable whose level is ultimately affected by advertising. Planners commonly perceive the ultimate goal of advertising as sales increase. Advertising usually affects an only partially observable complex communication process, with many interrelated intervening variables, which eventually affects sales, although, on occasion, the mere act of advertising may directly affect sales. Advertising is often used to increase levels of awareness, product familiarity, customer involvement, favorable attitude, etc. The level of measurement of these intervening variables is at most ordinal and their measurement requires dedicated study. We chose to subsume this complex and varied process in order to arrive at a parsimonious model that focuses on the relationships between the observable variables of advertising budgets and sales. Moreover, marketing scholars have had interest in the inverse direction, as well -that of sales affecting advertising expenditures. Our interpretation of the SWC, as a sales-advertising model, allows straight forward extension and convenient inquiry in this direction.
ANALYSIS AND SIMULATION OF ADVERTISING AND SALES PATHS

Optimal Solution of the Base SWC under the Objective and Task Budgeting Principle
In this section, we present optimal explicit parametric solutions of the advertising budget path, the corresponding optimal sales path, and the corresponding expression for the optimal total advertising cost. We do it first for the original problem (5) where no additional regularity constraints are added. This forms our base model. We naturally refer to the optimal solution of this problem as the Objective and Task solution.
Without additional regularity constraints, the optimal solution for (5) is proven in Klamkin (1985) in elementary fashion based on geometrical features and Holder's inequalities. He focuses on the key feature of the optimal solution; namely, that the control path (the advertising path in our case) is geometrically progressing and on evaluation and comparison of the overall time cost with that obtained under uniform control. Klamkin was not concerned with deriving explicit expression of the features of the optimal path of the objective in terms of the parameters of the model. Focusing on identifying the distinguishing features of both the advertising and sale paths, we have supplemented his work. We derive explicit, non-recursive solutions for both paths.
Klamkin derives the optimal control solution (our advertising budget), as follows:
where  is a coefficient which is optimally computed. For simplification of exposition and derivation, we may write (6) as
where r a a 1
Hence, we can express (7) as
The expression of k S , the sales function at period k, in terms of the parameters of the models and the optimal advertising budget, is obtained recursively by considering the dynamics (1) and substituting the i U s, the past advertising budgets values, as follows:
This expression is quite complex, yet its decomposition into two terms is insightful. The first term in (11) is the decaying habitual effect of the initial sales on current sales. The second convolution-like expression represents the effect of the advertising stream in the planning period, up to and including the one in the given current period. Within this complex expression, the gradual transition in the effects of the initial parameters as k increases, indicates a regular sales path.
To complete the explicit expression of 
We thus obtain the expression (13) which can be substituted in (11 ) to obtain the explicit expression for
Similarly, we can express the Advertising budget at period k, in terms of the initial parameters, as
Hence, as shown by Kalamkin and interpreted by Buratto and Viscolani, the optimal i U s are forming a geometric queue and the corresponding optimal total advertising budget, in terms of the initial parameters of the model, is (15) In the rest of this section, we develop optimal solutions and compare efficiencies of alternative budgeting principles. To make pure efficiency comparisons, we assume that the objective is reached by every principle in every case.
Solutions for the Percentage of Sales principles
Advertising Budget Proportional To The Preceding Period Sale
In this case, we consider first the case where the advertising budget affecting the current period is set as some fixed fraction of the preceding period. As will be shown below, applying the fixed fraction to the current period sales leads to similar insights.
In contrast with the common treatment where this fixed proportion is handled as some exogenous variable without regard to meeting the firm's pre-specified objective, we are assuming here that the fixed percentage was optimally chosen to attain the pre-specified sales level, 
Using forward recursions, it is possible to develop explicit parametric solutions of k S as follows:
Hence, it is possible to obtain a non-recursive expression of k S in terms of the initial parameters of the model via forward recursion. Yet, it is easy to see that this expression of the sales in terms of the model's parameters is extremely complex, to the point that deriving a non-recursive expression for k S is not merited.
Instead, the simplest expression is the recursive relationship between Consequently, in the Percentage of Sales criteria, it is much easier to find the solution, even in the simplest case, by direct numerical search for the suitable proportion coefficient that will bring sales from 0 S to M S in M periods. A higher parameter c means that a higher percentage of sales is allocated to advertising. This, in turn, means that the sales level in every period is strictly higher, but both advertising and current sales are a continuous function in c. Hence, the accumulated sales level at any period is continuous and monotonic in c as an additive superposition of continuous monotonic functions in c. Hence, the optimal level of c can be found easily by a simple search while simultaneously direct numerical and graphical representation of the sales path and the advertising path are discovered.
Advertising Budget Proportional To Current Period Sales
In this case, denoting the ratio of advertising budget to sales as c, we can write (1) as We can thus obtain by backward recursion (20) and so on. As in the case where the proportion is a fraction of last period's sale, the explicit formulae are derivable but are too complex to be of value. Similarly, obtaining an expression by forward recursion is, in general, hopeless as there is no general explicit solution for 1  k S in the difference in equation (19) . However, backward recursive computation of sales is quite simple. Similarly, search-based numerical determination of the optimal percentage can be employed and computing the corresponding sales and advertising budget paths is easy. Because of the similarity of the two Percentage of Sales methods, we consider below only the one based on percentage of the preceding period's sales when making comparison with other principles.
In addition to the above two classical advertising budgeting principles, we are considering other methods for determination of advertising budgets that manifest regularity of either the advertising path or the sales path.
In the case of regular advertising paths, we consider three patterns: 1) A constant advertising budget, 2) A linear advertising budget initiating from the origin (or equivalently, a fixed periodical increment in the advertising budget), and 3) A fixed proportional increase in the periodic advertising budget (or equivalently, an advertising budget that exhibits a fixed periodic growth rate). As we have shown above, Case 3 turned out to be equivalent to the Objective and Task method, as the latter results in a geometrically progressed solution. Hence, we need to analyze only cases 1 and 2.
Similarly, in the case of regular sales paths, we consider two patterns: 1) A linear sales increase and 2) A sales path with a fixed growth rate.
Solution for the Constant Advertising Budget Principle
The corresponding value for a uniform advertising policy with a constant U advertising budget in each period is obtained as follows:
) ( (21) In general, an explicit solution for the Sales path is thus obtained as
Hence, every period's advertising budget is
and the total advertising budget for the whole planning horizon is
Solution for the Linear Advertising Budget Principle
In this case, we label inc U as the constant periodic increment in the advertising budget. We obtain
and the optimal
Next, we obtain the explicit expression of the sales at period k by substitution of (29) in (27). This formula describes current sales as comprised of two additive components. The first element is the decaying habitual initial sales. In the second element, we observe a sales gap that only sales generated by advertising in the planned period 
The corresponding optimal advertising path is obtained simply as
and the optimal advertising cost is
Next, we analyze two new principles with regularity conditions on the sales path.
Solution for the Linear Sales Principle
We are considering linear sales path originating at 0 S . Since the initial and final sales are parameters of the SWC model, a linear sales path implies a constant sales increment in each period. Dividing the planning period's sales growth into identical periodical sales increments results in a periodic increment of
An explicit representation of the sales level in terms of the model parameters is
This period k sales increment has to be generated by the period k advertising budget and the preceding period sales, according to model's dynamics (1). Specifically,
We obtain, the optimal advertising path as The minimum total advertising cost is
Both the period's advertising budget and the total cost thus have complex explicit solutions that are easily computable.
Solution for the Proportional Sales Growth Principle
In this case, current sales are proportional to the preceding period sales with a proportion coefficient c.
in (1) we obtain
It follows that the current advertising budget is a constant elasticity function of the preceding period's sales. Under a proportional sales path, sales grow geometrically. Similarly, by substituting the optimal value of c from (42) in (39), we obtain the explicit expression for the optimal advertising quarterly budget in terms of the model's parameter. 
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Let us compare the paths of the alternative optimal solutions. Since the order of magnitude of the advertising budget and sales are different, we make the comparison in two separate graphs. In Figure 1 , we compare the advertising paths for different advertising budgeting principles and in Figure 2 , we compare the respective sales paths. Figure 1 demonstrates that regardless of the budgeting principle, the advertising outlays are strictly monotonically increasing, except, of course, in the case of a constant advertising expenditures. Also, with the possible exception of the Constant Advertising principle, among the compared paths, the greater the convexity of the advertising budget, the greater is its relative advantage. Up to the limit set by the Objective and Task solution, as an envelope function, improving the convexity improves advertising efficiency. The Objective and Task principle and the Proportional Sales principles result in highly convex advertising schedules. The path of the Linear Sales principle is slightly convex and that of the Percentage of Sales is slightly concave. The constant advertising budget is the only principle whose budget does not begin at very low levels of advertising. Notice that the quarterly advertising outlays of the convex budgeting methods exceed the non-convex ones only in the last three periods. 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 Figure 2, presenting the sales paths, shows almost uniformly strict sales order that corresponds to the optimality order of the principles. The only exception is that sales based on Linear Advertising are slightly lower than those based on Linear Sales in the first three periods. Otherwise, the sales paths of every principle never intersect and a principle whose sales path is more convex than another corresponds to a lesser total advertising budget. We can conclude that a higher efficiency in reaching the target is obtained by greater postponement of the advertising effort to the more distant period. Among the compared principles, the more accelerated the growth in the sales path at the end of the planning period, the more efficient it is in attaining the target. Like in the case of advertising path, the Objective and Task sets the limit on this convexity.
THE OPTIMAL OBJECTIVE AND TASK SOLUTION
A close examination of Figure 2 and Table 1 shows that unlike advertising outlays, sales are not necessarily monotonically increasing, even in the broad sense. Moreover, this exception is important as it applies in the case of the optimal Objective and Task method. In the first five quarters, its sales are declining and only then turn around and increase. This indicates that the initial advertising outlays have important noticeable downside. Their impact, as part of sales increment, is mostly eradicated over time. Their low level and the associated sales decrease is justified by the need to maximize efficiency in reaching the ultimate sales goal. This need places the focus on accelerating advertising in the end part of the planning period. Nonetheless, it remains optimal to advertise during the whole planning period. So, under the objective of the SWC and its dynamics, some advertising is always preferred over no advertising. In particular, advertising pulsing policies, not considered in this paper, must be inferior to the Objective and Task solution in this market context. Consequently, the optimal market response function, of the Objective and Task solution, is qualitatively different than the traditional ones that exhibit either an S Shape or a convex shape, where sales are always increasing as advertising budget increases. The Sales response function first increases and then decreases as advertisement budgets are optimally increase. Figures 3 and 4 represent the market response function for this case. Based on these findings, we explain the phenomenon of thresholds in advertising effects on sales as a result of planning and optimization. In contrast, in Hibshoosh (1987) we explain this threshold, alternatively, by the stochastic character of the attitude and an attitude-behavior threshold. Our findings support two seemingly contrasting studies. Vakratas, Feinberg, Bass and Kalyanaram (2004) revealed the existence of the advertising-sales thresholds, that sales response to advertising need not be concave, and that thresholds are likely to be encountered in the dynamic environment of the earlier stages in the product life cycle. Their study is closely linked with the arguments for the S-shaped response function of Feinberg (2001) and with Mahajan and Muller's (1986) treatment of advertising pulsing strategies.
In contrast, Simon, and Arndt (1980) concluded that the advertising-sales response function, in its empirically observed section, is concave due to diminishing return. Reviewing the support for concavity and convexity in the advertising-sales response function, they conceded the existence of a convex region in the initial region of the advertising sales response function. There was some limited empirical support for this hypothesis, e.g., Rao and Miller (1975) . The range of the theoretical support for a convex region was wider. It was based primarily on a functional link between the advertising and intervening psychological variables and, in turn, between those and sales, which implies the existence of thresholds. Simon and Arndt chose to focus on the following argument for convexity: At a very low advertising expenditure, the ads are too short to be considered effective. Hence, they conclude that the convex region would be a very small one and firms would choose not to operate in this convex region. A similar argument was given by Sasieni (1971) in his analytical qualification of the shape of advertisingsales response function. However, this conclusion must be understood in its context to avoid logical fallacy. Very limited advertising expenditure is sufficient for the existence of a convex section. However, it is not a necessary condition for convexity. The convex region may be wide enough to allow different levels of advertising expenditures. Hence, Simon and Arndt's conclusion of a concave response function was ultimately based on the weight of the empirical evidence.
Our simulation supports the shape conclusion of Simon and Arndt's while providing a different explanation for the convexity. In our discrete planning, the convex region does not always exist and when it does, its range is very narrow and hardly noticeable in first order statistical estimates. It may exist only if the adverting is not However, forgoing advertisement in the convex region is problematic in our model. This choice would not be optimal and the time range corresponding to the convex region is considerable. A decision not to advertise during a large part of the planning period is likely to be questionable, particularly in the context of a product in its growth stage. The firm may decide instead to overspend on advertising to the point in which sales would increase. Again, this is not an optimal behavior, though it would not increase the costs markedly. Hence, we may conjecture that under limited rationality, the firm would bypass the convex region; so our findings support Simon and Arndt's empirical conclusion of a concave response curve in the firm's operating range. However, our explanation is qualitatively different. It is based on an assumption of limited rationality rather than rationality.
Compared with other studies reviewed by Simon and Arndt, our explanation for the convex section is more a macro-than a micro-founded effect in the tradition of Jacobson and Nicosia (1981) . It is the decaying effect of current consumption (approximated as sales) on future sales that leads to convexity. To see it, consider that the firm is operating at a low but sufficiently high advertising expenditure level, so that the individual advertisements are long enough to be effective. Simon and Arndt's tiny convex region is thus bypassed. The higher the advertising level, the lower is its effectiveness due to diminishing returns. This, by itself, leads to a concave advertising-sales response shape. However, at a low advertising expenditure level, the current period advertising level may not be sufficient to offset the effect of the depreciation of the preceding period sales and current period sales may decline. In the case with a relatively less effective advertisement technology, a convex section may optimally be encountered.
Also notice the optimal strategy calls for very large advertising outlays late in the planning period. This indicates the importance of later advertising outlays. Despite the marginal loss of effectiveness due to size of late outlays, their late date is beneficial as it presents benefits that last until the target date at the end of the planning period. Hence, optimization considerations, coupled with the special objective in our study, make the sales response to advertising in the end periods more concave. We propose that the pursuit of higher sales later, rather than earlier in the growth stage, together with an increasing growth margin, would lead to a trend of increasing advertising outlays toward the deadline. In turn, diminishing return of larger outlays leads to concave advertising-sales response function.
In general, the market response function of the optimal solution does not necessarily have a time period where the sales are decreasing. However, this feature of initial period with decreased sales is robust. As can be seen in Table 2 , when the effect of advertising outlays on sales is slightly concave ( One reason is that this case, in contrast with others, enables the derivation of explicit analytical solutions using quadratic terms and equations. It therefore eases exposition. The second, and more important, reason is that results of this model are both insightful and realistic in the case of products in the growth stage of the product life cycle. Meta analysis-based study of Sethuraman, Tellis and R. Briesch (2011) suggests a mean elasticity -roughly between 0.1 to 0.2 (.16 for the growth stage) and an elasticity range between 0 and 0.5. However, these estimates are naturally estimates of the average elasticity of a market response function, and the study reconfirms that average elasticity varies from one stage of the product life cycle to the next. Since the sales market response is a dynamic process that depends on past sales and on past advertising outlays, a constant elasticity response, over time, is unlikely to be realistic, even though it may be a parsimonious approximation of a limit response. In our case, let us emphasize that concavity parameter  is not the elasticity of sales with respect to advertising and the average elasticity varies as a function of time in our model. Our model, with the parameter 5 . 0   , makes this point very clear. It has an initial section of the planning period where advertising increases but sales decline. Hence, calculated elasticities, using contemporaneous advertising and sales, would be negative in this initial section. On the other hand, at the last section of a long planning period, we would expect the elasticities to increase toward the 5 . 0   value, as the size of the more recent advertising outlay exponentially increase and the effects of the initial sales virtually completely disappear. In Table 3 , we demonstrate that the elasticities are monotonically increasing. They range from -0.220 in the second period to 0.444 in the final twentieth period. The average elasticity is 0.270 (or 0.259, if estimated by the ratio of average relative sales change divided by the relative advertising change.). Hence, the average elasticity described by the reference example of our model, with 
CONCLUDING REMARKS AND DIRECTIONS FOR FUTURE RESEARCH
In this paper, we characterized sales response to advertising for a firm that is effectively marketing its product in a fast-growing industry in the introduction or early growth stage. The firm's objective is to efficiently attain a minimal sales level within a pre-specified planning period. We modeled the problem as a SWC problem augmented with some alternative basic regularity conditions placed either on the sales path or on the advertising budget path.
Advertising may not be the preferred mode of promotion in many circumstances in the introductory and growth stages and its specific nature and purpose usually change as the product sales grow. However, many firms keep allocating marketing resources to advertising for the ultimate purpose of sales increase, and advertising budgets are, in practice, strongly linked with the firm's sales level and regularity conditions
We found that regardless of whether the regularity requirements are initially placed on the sales or on advertising, both corresponding paths, and thus also the sales response to advertising, exhibit regularity. We showed that the regularity conditions uniquely determine the paths and derived explicit optimal path solutions.
Our derivation of parametric explicit solutions and recursive functional relationship for optimal advertising and sales under different regularity conditions facilitate both insight into the advertising and sales processes as well as easy computation and simulation of their optimal paths.
We found that a path's regularity conditions create a mechanism that induces a degree of convexity (or concavity) on the corresponding paths and thus shapes them. In particular, the degree of this convexity for the advertising path determines the relative efficiency of its budgeting principle. The optimal advertising and sales paths of the SWC turned out to be highly convex and sets the limit on the optimal convexity.
Our finding helps explain the inconsistency in reported values of advertising elasticities and the phenomenon of thresholds in the effectiveness of advertising. We demonstrated that when the "technology" of sales production by advertising is relatively inefficient, employing the optimal advertising plan may require acceptance of sales decrease and thus negative elasticities while advertising outlays are accelerated.
